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Chapter 11 Boundary-value problem for O.D.E.
§ Linear y"=p(x)y'+q(x)y+r(x), a<x<b, y@)=a, yb)=2
1. Finite-difference method
Set x,=a, x,,=b, h=(b-a)/(n+1), x =x,+ih, y(x)=V,
p(X)=p;, a(x)=0a, r(x)=r
1 1
7 Vit =24 ¥ia) = P (Vi = Vi) + QY+
1 1 )
—(1+§hpi)yi_1+(2+h2qi)yi —(1—§hpi)yi+1=—h2n with y,=a, y,, =8
2 1 2 1
(2+h ql)yl—(l—ghlol)y2 =-h r1+(1+§hp1)yo
1 2 1 2 H
—@+2h0) Y.+ 2+h7q)y - A= 2hp)y., =", i=2~n-1,
—(1+§hpn)yn_l+(2+h q,)y, =-hr, +(1—Ehpn)yn+l,

Arranging into the vector form

[AY }={F}
where
2+h%, -1+0.5hp, 0 0 Y;
—1-0.5hp ° ° 0 .
Al= 2 y = y
LA 0 ° ° -1+0.5hp, , iy °
0 0 -1-0.5hp,  2+h’q, A
—h?r, + (1+0.5hp,) Y,
_h?
{F}- "

~h?r, +(1-0.5hp,) Y, .,
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2. Shooting method
Consider two O.D.Es.

yr=p(X)y;+a(x)y, +r(x), a<x<b, y@)=a, y(a)=0

y; = p(X)y; +a(x)y,, a<x<b, y,(a)=0, y;(a)=1.

The solutions y,(x) and vy,(x) can be obtained from the Runge-Kutta
method.

y =y, +cy, satisfies the original differential equationand y(a)=«. The
constant ¢ is obtained from g =y(b) =y, (b)+cy,(b) as
c=[£-y,(b)]/y,(b)

If y,(b)=0,thentry y,(a)=2 toobtainanew c,and the solution

y=y,+cy, IS obtained,

§ Nonlinear y"=f(x,y,y), a<x<b, y@)=a, yb) =25

1 1
F(ym - 2yi + yi—l) =f [Xw Yi 1E(yi+l - yi—l)]

1
Yia _2yi +Yia— h*f [Xi' yi:%(ym - yi—l)] =0,
) 1
2y, -y, +h*f[x, yl!%(yz -a)]-a=0,
1 :
—Yia +2yi —Yiat h*f [Xi’ yw%(ym - yi—l)] =0, i1=2~n-1,
1
—Yoa +2yn + h2 f [Xn’ yn’%(b_ yn—l)]_ﬂ =0
Arranging the equations into a vector form yields

F(Y)=0 ,where Y={y,y, ...Y,. V.,}'

§ Variation approach
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EX. — [p() 1+ 900y = F(X), 0<x<1, y(0)=y(1)=0
X dx
) '{—i[p(x)d—th(x)y— f ()}5ydx =0
[ () +q(x)y5y—f(x)5y}dx p(x) ya‘y|
> jo{p(x)es(d—y)z +q(x)8y? - 21 (x)5y}dx =0,
X
SJLPOOCEY + a0y =21 (x)ydx 0.
X
Try a set of functions {4, 4,, .. 4 }(x) with #(0)=4()=0
Y00 = 2000

mlnI(c c)= mlnI{Zc,CJ(p d ¢

i,j=1

+04é;) - ZZC f g }dx,

ol
% — =0 implies [A}{c}={b}

—J'(p +q¢¢)dx b, = J'f¢dx
EX. ——[p(X)—y]+Q(X)y=f(X), 0<x<I, y(0)=a, y()=b
dx dx
First, ¥,00=a@-7)+b(D), Y00 =%00+Y,(x), then y,(0)=y,(1)=0
Second, ——[p(x) ]+q(x)y—f(x) becomes

—d—{p(X)i}Jr q(x)y, = f(x)+;ad——q(x)[a(1——)+b(§)] 2 E(x)
X dx I dx | |

Third,
SPOICLEY +a(0y: - 2F (X)y, ok =0.
X
Try a set of functions {4, ¢,, .. 4 }(x) with 4(©0)=¢(1)=0

y,(x) = icimx)

mml(c ,C)= mlnj{zc.c,(p 94 ¢

i,j=1

+049;) - ZZC F g 3ax,
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ol =0 implies [Al{c}={b}

—J'(powi ¢’+q¢¢)dx b = J'f¢dx
Finally, y(0=3 6400+ ()

EX. #(x) =sin(i”TX)
Finite-Element Method

X, =0, X,.=1, h=(1-0)/(2n+1), x =ih,
Set {x,y, """ with y,=a and y,,,=b.
Generate y(x) = YZi71¢1(i)(X) + y2i¢2(i)(x) + y2|+1¢(|)(x) v X SXS Xy
where 4" ~ ¢ are Lagrange’s interpolation functions.
The integration '[Ol{p(x)(%)z +q(x)y* —2f (x)y}dx can be expressed as
X
Xin dy 2 2
2 [, RO+ a0y =21 ()yddx
) 2i-1

—(i) — (i) i i i
Denote Yy ={Y,; Y5 Y.}’ and @ (X):{¢1() 2() ¢3E)}T(X)

Then the integration will be

5 X (—(0)T (i) = (i)' =T =) (|)T —=(i)
> [y (00" +q0 )y f(X)® Jdx
i1 2i-1

Minimizing the integration yields

Z J'z 1 (l)’q)(i)’T qCD CD(I)T - _J‘ 2is1 f(X)CD dX} 0

Or z([A(i)]y i) —f(i))zﬁ

i=1

where [A%]=[""(pd" """ +qd" & " )dx, F"=[""f(x)d" dx

Assembling the equations of all elements yields

[A{Y}={F}, where Y ={y, ...Y,,.}'
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Omitting the first row, first column, the last row and the last column of

[A], the first entry and the last entry of {F}, and the first entry and the

last entry of {Y}, simultaneously, yields

[AI{Y}={F}, where {V}={y, ...y, } .
The values at the interior node can be obtained from the above equation.

HW 11
Given the equation y"=—(x+1)y'+2y+(1-x*)e™, 0<x<1, y(0)=1,

y(®) =2

use h=0.1

Questions:

a. Use the shooting method to approximate the solution of the problem
b. Use the finite-difference method to approximate the solution

c. Use the variation approach to approximate the solution.



