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Chapter 11  Boundary-value problem for O.D.E. 

§ Linear ( ) ( ) ( )y p x y q x y r x    , a x b  , ( )y a  , ( )y b   

1. Finite-difference method 

Set 0x a , 1nx b  , ( ) /( 1)h b a n   , 0ix x ih  , ( )i iy x y , 

( )i ip x p , ( )i iq x q , ( )i ir x r  
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Arranging into the vector form 
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2. Shooting method  

Consider two O.D.Es. 

1 1 1( ) ( ) ( )y p x y q x y r x    , a x b  , 1( )y a  , 1( ) 0y a   

2 2 2( ) ( )y p x y q x y   , a x b  , 2 ( ) 0y a  , 2 ( ) 1y a  . 

The solutions 1( )y x  and 2( )y x  can be obtained from the Runge-Kutta 

method. 

1 2y y cy   satisfies the original differential equation and ( )y a  . The 

constant c  is obtained from  1 2( ) ( ) ( )y b y b cy b     as 

1 2[ ( )] / ( )c y b y b   

If 2( ) 0y b  , then try 2( ) 2y a   to obtain a new c , and the solution 

1 2y y cy   is obtained. 

§ Nonlinear ( , , )y f x y y  , a x b  , ( )y a  , ( )y b   
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Arranging the equations into a vector form yields 
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§ Variation approach  
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Finite-Element Method 
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Then the integration will be 
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Minimizing the integration yields 

2 1 2 1

2 1 2 1

( ) ( ) ( ) ( ) ( ) ( )

1

( ) ( ) } 0
i i

i i

n x xi i T i i T i i

x x
i

p q dxy f x dx
 

 

          
      

 

Or  ( ) ( )( )

1

[ ] 0
n

i ii

i

A y F


 
  

 

where 2 1

2 1

( ) ( ) ( ) ( )( )[ ] ( )
i

i

x i i T i i Ti

x
A p q dx





      
   

, 2 1

2 1

( ) ( )
( )

i

i

xi i

x
F f x dx





 
 

 

Assembling the equations of all elements yields 

 [ ]{ } { }A Y F , where 0 2 1{  ... }T
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Omitting the first row, first column, the last row and the last column of 

[ ]A , the first entry and the last entry of { }F , and the first entry and the 

last entry of { }Y , simultaneously, yields 

[ ]{ } { }A Y F   , where 1 2{ } {  .... }T
nY y y . 

The values at the interior node can be obtained from the above equation. 

HW 11 

Given the equation 2( 1) 2 (1 ) xy x y y x e       , 0 1x  , (0) 1y  , 

(1) 2y    

use 0.1h    

Questions: 

a. Use the shooting method to approximate the solution of the problem 

b. Use the finite-difference method to approximate the solution 

c. Use the variation approach to approximate the solution.  


